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Abstract
The toroidal Lie algebras an N variable generalizations of affine
Kac-Moody Lie algebras. As in the affine Lie algebra there exists
finite order automorphisms corresponding to Dynkin diagram auto-
morphisms. The fixed point subalgebra are called twisted toroidal
Lie algebras. In this paper we construct faithfull representations for
toroidal Lie algebras ( this includes the non-twisted case also ) useing
methods developed by Lepowsky Wilson [LW ]. This construction re-
covers the result by Eswara Rao - Moody [EM ] in the homogeneous
picture and by Yuly Billig [B1] in the principal picture. The proofs
given in this paper are much shorter than above works. The results
for the twisted case are completely new.
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1
Introduction
In recent times a great amount of research has been done on Extended
Affine Lie Algebras (EALA), which are natural generalization of affine Kac-
Moody Lie algebras. See [AABGP], [AG] and references there in. It is an
accepted fact that the Lie algebras gains importance only when it admits
a natural realization in other words a faithful representation. It is an open
problem to find a realization for an EALA. An important class of EALA’s
are the ones obtained from the so called toroidal Lie algebras. Toroidal
Lie algebras are N variable generalization of affine Kac-Moody Lie algebras.
For the first time a large class of (integrable) modules are constructed for
toroidal Lie algebras in [EM] and [MEY], the so called homogeneous picture.
In [B1] similar construction has been made for the principal picture. These
constructions are very important and have found applications in differential
equations in the works of [B2], [ISW1] and [ISW2]. To obtain an EALA from
toroidal Lie algebra one need to add infinite set of derivations. In 2006 Yuly
Billig [B3] obtained a realization by making use of Vertex operator algebras.
The next class examples of EALA’s are the one corresponding to the twisted
toroidal Lie algebras. Thus the purpose of this paper is to construct faithful
representation of twisted toroidal Lie algebras which arise as fixed points of
certain automorphisms of toroidal Lie algebras of type ADE. The main idea
is to use the Z-algebra theory developed by Lepowsky-Wilson [LW] in the
study of Vertex operator representation for affine Kac-Moody Lie algebra.
In the process of our construction of representations using Z-algebra theory,
we recover the results of [EM], [MEY] in the homogeneous picture and the
results of [B1] and [T] in the principle picture. Our proofs in these cases
are much shorter than the existing proofs. This is the first time we have a
faithful realization for the twisted toroidal Lie algebra.
Let G be the simple finite dimensional Lie algebra over the complex num-
2
bers. Let A be a Laurent polynomial ring in N + 1 commuting variables.
Consider the multiloop algebra G ⊗ A, its universal central extension τ˜ the
toroidal Lie algebra. Let θ be an automorphism of G of order m. Then θ can
be extended to an automorphism of τ˜ (Section 1). Then the subalgebra of θ
fixed points inside τ˜ is called twisted toroidal Lie algebra L˜(G, θ). It is the
universal central extension of the underlining multiloop algebra (See [BK]).
In Section 1, we define a category Ck of L˜(G, θ) modules which satisfy a
factorisation property first introduced in [BY]. The factorisation property is
not satisfied for a general class of integrable modules. But there are enough
of integrable modules which satisfy the factorisation property. For example
the vertex representation defined in [EM] and the representation considered
in [BY] satisfy factorisation property.
Next by following [LW] closely we define toroidal Z-algebras (1.10) and
define a category Dk-of Z-algebra modules. We then prove the important
Proposition (2.6) which says that the categories Ck and Dk are equivalent.
Thus by constructing a Z- algebra module we get a module for L˜(G, θ).
In section 3 we specialise to the homogeneous picture for the nontwisted
case of type ADE. We construct a module for the Z-toroidal Lie algebra
closely following the results of [LP]. Thereby constructing a module for
L˜(G, Id) ∼= τ˜ which is faithful. This recovers the main result of [EM]. Our
calculations are certainly much shorter.
In Section 4 we specialise to the principal picture. This includes the
twisted and nontwisted toroidal Lie algebras. We again construct a module
for the Z-toroidal Lie algebra by making use of the corresponding results
for the affine Kac-Moody Lie algebra from [LW]. We have to consider the
additional Fock space for this purpose. Thus we get a module for our L˜(G, θ).
This result recovers the main result of [B1] and [T]. Again our proof are much
shorter. The twisted case is completely new.
In the process we have given the following realization of twisted toroidal
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Lie-algebra. Let π be a Dynkin diagram automorphism of G. Define an
automorphism θ of G as in the section 4. Then we prove that τ˜ (G, θ) ∼=
L˜(G, π). This is what is called the principal realization in the affine case.
The isomorphism is given explicitly in twisted case and it is completely new
even in the affine case (Proposition 4.10).
Section 1
Let G be a finite dimensional semisimple Lie-algebra over the complex num-
bers C. Let <,> be a non-degenerate symmetric G-invariant bilinear form
on G. We fix a non-negative integer N . Let A = C[t±1, t±11 , · · · , t
±1
N ] be
the ring of Laurent polynomials in N + 1 commuting variables. Let r =
(r1, · · · , rN) ∈ Z
N . Let tr = tr11 t
r2
2 · · · t
rN
N . Fix a positive integer m. Let ΩA
be a free A-module of rank N+1 with basis {k0, · · · , kN}. Let dA be the sub-
space of ΩA spanned by elements of the form
1
m
r0t
r0trk0+· · ·+rN t
r0trkN . Let
x(r0, r) = x⊗t
r0 tr ∈ G⊗A. Then the toroidal Lie-algebra τ = G⊗A⊕ΩA/dA
is defined by the following bracket.
[x(r0, r), y(s0, s)] =
[x, y] (r0 + s0, r + s) +
<x,y>
m
r0t
r0+s0tr+sk0 + < x, y >
N∑
i=1
rit
r0+s0tr+ski
for x, y ∈ G, r, s ∈ ZN , r0, s0 ∈ Z.
ΩA/dA is central.
It is known that τ is the universal central extension of G ⊗ A. (See
[K], [MEY]). (First note that the toroidal Lie algebra defined by m = 1 is
isomorphic to the above). Let h be a Cartan subalgebra of G. Let θ be an
automorphism of G such that θ(h) = h and of order m. Let Zm = Z/mZ be
the cyclic group of order m. Let w be a primitive m th root of unity.
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(1.2) Let Gi = {x ∈ G | θx = w
ix} for i ∈ Z. Then G = ⊕i∈ZmGi. Note
that < Gi,Gj >= 0 unless i + j ≡ 0(m). For x ∈ G write x =
∑
i∈Zm
xi where
θxi = w
ixi. Define xi = xi for i ∈ Z and i ∈ Zm.
Extend the automorphism θ to τ by θ(x(r0, r)) = w
−roθ(x)(r0, r) and
θ(tro0 t
rki) = w
−r0tr0trki, 0 ≤ i ≤ N . Let τ˜ = τ ⊕ D where D is spanned by
derivations {d0, · · · , dN} with bracket [di, x(r0, r)] = rix(r0, r), for 0 ≤ i ≤
N , [di, t
rotrkj ] = rit
rotrkj and [di, dj] = 0. Extend the automorphism θ to τ˜
by θ(di) = di. Let (ΩA/dA)0 be the linear span of t
r0trki where r0 ≡ 0(m).
Consider the θ fixed points of τ˜ say L˜(G, θ).
(1.3) . Let L(G, θ) = ⊕ i∈Z
r∈ZN
Gi(i, r) and L(G, θ) = L(G, θ) ⊕ (ΩA/dA)0.
Then clearly L˜(G, θ) = L(G, θ)⊕D.
Since <,> is non-degenerate and G-invariant, its restriction to h is also
non-degenerate. We identify h and h∗ via this form. Let Φ be the root
system of G. For β ∈ Φ, choose the corresponding non-zero root vectors xβ
such that [xβ, x−β ] =< xβ , x−β > β. Let ǫ(β, γ) be a non-zero number such
that [xβ, xγ ] = ǫ(β, γ)xβ+γ. Clearly the set of roots Φ is θ- stable. Then
define η(p, β) a non-zero scalar such that
(1.4) θpxβ = η(p, β)xθpβ.
For any vector space V and for indeterminates ζ1, · · · , ζℓ, denote V {ζ1, · · · , ζℓ}
the space of formal Laurent series. Further V [ζ±11 , · · · , ζ
±1
n ] denote finite for-
mal Laurent series. We recall the following Proposition from [LW]. Define
δ(ζ) =
∑
i∈Z
ζ i ∈ C{ζ}.
Proposition (1.5) (a) (Proposition (2.2) of [LW]). Let f(ζ) ∈ V [ζ, ζ−1].
Then
f(ζ)δ(ζm) = m−1
∑
p∈Zm
f(wp)δ(w−pζ).
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For x ∈ G, r ∈ ZN let
x(r, ζ) =
∑
i
xi ⊗ t
itrζ i, ki(r, ζ
m) =
∑
p∈Z
tmptrkiζ
mp.
For any infinite series f(ζ) =
∑
biζ
i, let Df(ζ) =
∑
ibiζ
i.
Proposition (1.5) (b) The following relations hold for x(r, ζ) and ki(r, ζ
m).
In fact they define a Lie-algebra L˜(G, θ). For β1, β2 ∈ Φ, r, s ∈ Z
N .
(1) [xβ1(r, ζ1), xβ2(s, ζ2)]
=
1
m
∑
θpβ1+β2∈Φ
η(p, β1)ǫ(θ
pβ1, β2)xθpβ1+β2(r + s, ζ2)δ(w
−pζ1/ζ2)
−
1
m
< xβ2, x−β2 >
∑
θpβ1+β2=0
η(p, β1)β2(r + s, ζ2)δ(w
−pζ1/ζ2)
+
1
m
< xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β1)(
N∑
i=1
riki(r + s, ζ
m
2 )δ(w
−pζ1/ζ2)
+
k0(r + s, ζ
m
2 )
m
Dδ(w−pζ1/ζ2))
(2) [β1(r, ζ1), β2(s, ζ2)]
=
1
m
∑
p∈Zm
< θpβ1, β2 > (
N∑
i=1
riki(r + s, ζ
m
2 )δ(w
−pζ1/ζ2)
+
k0(r + s, ζ
m
2 )
m
Dδ(w−pζ1/ζ2)).
(3) [β1(r, ζ1), xβ2(s, ζ2)] =
1
m
∑
p∈Zm
< θpβ1, β2 > xβ2(r + s, ζ2)δ(w
−pζ1/ζ2)
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(4)
1
m
Dk0(r, ζ
m) +
N∑
i=1
riki(r, ζ
m) = 0
(5) [di, kj(r, ζ
m)] = rikj(r, ζ
m) for 1 ≤ i ≤ N and 0 ≤ j ≤ N
(6) [d0, kj(r, ζ
m)] = Dkj(r, ζ
m), 0 ≤ j ≤ N
(7) xβ(r, w
pζ) = η(p, β)xθpβ(r, ζ)
(8) ki(r, ζ
m) is central in L(G, θ) for 0 ≤ i ≤ N
(9) [di, xβ(r, ζ)] = rixβ(r, ζ), 1 ≤ i ≤ N
(10) [d0, xβ(r, ζ)] = Dxβ(r, ζ), [di, dj] = 0
Proof (4) follows from the definition of (ΩA/dA)0. (5), (6), (7) and (8) are
easy to see. First consider the following:
[x(r, ζ1), y(s, ζ2)] = F +G1 +G2.
Where
F =
∑
i,j
[xi, yj]t
i+jtr+sζ i1ζ
j
2 ,
G1 =
1
m
∑
i,j
i < xi, yj > t
i+jtr+sk0ζ
i
1ζ
j
2 ,
G2 =
N∑
ℓ=1
∑
i,j
rℓ < xi, yj > t
i+jtr+skℓζ
i
1ζ
j
2 .
From the proof of Theorem (2.3) of [LW] it follows that
F =
1
m
∑
p∈Zm
[θpx, y](r + s, ζ2)δ(w
−pζ1/ζ2).
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Now consider [θpxβ1 , xβ2] = η(p, β1)[xθpβ1, xβ2].
=


η(p, β1)ǫ(θ
pβ1, β2)xθpβ1+β2 if θ
pβ1 + β2 ∈ Φ
−η(p, β1) < xβ2 , x−β2 > β2 if θ
pβ1 + β2 = 0
0 if θββ1 + β2 6= 0 and not a root.
Thus for x = xβ1 and y = xβ2 , F equals to the first and second term
of right hand side in (1). For G1 and G2, first note that < xi, yj >= 0 if
i+ j 6≡ 0(m) by (1.2). Thus
mG1 =
∑
i,p
i < xi, y−i+mp > t
mptr+sk0(ζ1/ζ2)
iζmp2 .
=
∑
i,p
i < xi, y−i > t
mptr+sk0(ζ1/ζ2)
iζmp2
=
∑
i,p
i < xi, y > t
mptr+sk0(ζ1/ζ2)
iζmp2
= D(
∑
i
< xi, y > (ζ1/ζ2)
i)k0(r + s, ζ
m
2 )
= D(
m−1∑
i=0
< xi, y > (ζ1/ζ2)
iδ((ζ1/ζ2)
m).k0(r + s, ζ
m
2 )
=
1
m
∑
p
< θpx, y > Dδ(w−pζ1/ζ2)k0(r + s, ζ
m
2 ). 1.5(1)
Similarly
G2 = m
−1
N∑
ℓ=1
rℓ < θ
px, y > δ(w−pζ1/ζ2)kℓ(r + s, ζ
m
2 ) 1.5(2)
Again for x = xβ1 and y = xβ2 , < θ
px, y >= η(p, β1) < xθpβ1 , xβ2 >=
0 if θpβ1 + β2 6= 0
= η(p, β1) < x−β2 , xβ2 > if θ
pβ1 + β2 = 0.
This completes the proof (1). To see (2), take x = β1 and y = β2. Then
F = 0. From 1.5 (1) and 1.5(2), (2) will follow. To see (3) take x = β1 and
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y = xβ2 and note that G1 = 0 and G2 = 0 and F is equal to right hand side
of 3. This completes the proof of the Proposition (1.5) (b).
Now we define a category Ck of L˜(G, θ)- modules.
Definition (1.6) A L˜(G, θ)-module V is in Ck if
(1) ko acts as k.
(2) V = ⊕z∈CVz, Vz = {v ∈ V | d0v = zv}. Assume for any z there exists
ℓ0 such that Vz+ℓ = 0 for ℓ > ℓ0
(3) 1
k
x(r, ζ)k0(s, ζ
m) = x(r + s, ζ)
1
k
ki(r, ζ
m)ko(s, ζ
m) = ki(r + s, ζ
m) for 0 ≤ i ≤ N .
Remark (1.7) Condition (3) is not satisfied for most of the modules. But
there are enough of them which are sufficient for a realization of L(G, θ). For
examples vertex operator representation of [EM] satisfy the condition (3) as
well as the representations considered in [BY].
(1.8) Consider the Lie subalgebra of L˜(G, θ), h˜ = ⊕i∈Zhi⊗t
i⊕Ck0⊕Cd0(h ∈
h). The bracket is given by
[hi ⊗ t
i, hj ⊗ t
j ] =
ik0
m
< hi, hj > δi+j,0.
Clearly h˜ is Z-graded. Let M(k) be a Verma module of level k for h˜. Then
it is a standard fact that M(k) is irreducible whenever k is non-zero.
Proposition (1.9) Any module V in Ck(k 6= 0) has the following decom-
position as h˜-modules. V ∼= M(k)⊗ ΩV where
ΩV = {v ∈ V | hi ⊗ t
iv = 0 for i > 0}
see Proposition 5.4 of [LW].
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We now define toroidal Z algebras. Notation as earlier. For α ∈ Φ, r ∈ ZN
let Z(α, r, ζ) be a series in ζ with integral powers. For r ∈ ZN let ki(r, ζ
m)
be a series in ζm. The toroidal Zk-algebra or simply Zk-algebra is an algebra
generated by the components of Z(α, r, ζ), ki(r, ζ
m), h0 and d0, d1, · · · , dN by
the following relations.
(1.10) Relations α, β, β1, β2 ∈ Φ, r, s ∈ Z
N .
(1) 1
k
Z(α, r, ζ)k0(s, ζ
m) = Z(α, r + s, ζ)
(2) 1
k
ko(r, ζ
m) ki(s, ζ
m) = ki(s+ r, ζ
m), 0 ≤ i ≤ N .
(3)
N∑
i=1
riki(r, ζ
m) +
1
m
Dk0(r, ζ
m) = 0.
(4) [d0, Z(β, r, ζ)] = DZ(β, r, ζ)
(5) [d0, ki(r, ζ
m)] = Dki(r, ζ
m), 0 ≤ i ≤ N
(6) [di, kj(r, ζ
m)] = rikj(r, ζ
m), 1 ≤ i ≤ N, 0 ≤ j ≤ N
(7)
∏
p∈Zm
(1− w−pζ1/ζ2)
<θpβ1,β2>/kZ(β1, r, ζ1)Z(β2, s, ζ2)
−
∏
p∈Zm
(1− w−pζ2/ζ1)
<θpβ2,β1>/kZ(β2, s, ζ2)Z(β1, r, ζ1)
= 1
m
∑
θpβ1+β2∈Φ
η(p, β1)ǫ(θ
pβ1, β2)Z(θ
pβ1 + β2, r + s, ζ2)δ(w
−pζ1/ζ2)
− 1
mk
< xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β1)(β2)0k0(r + s, ζ
m
2 )δ(w
−pζ1/ζ2)
+ 1
m
< xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β1)(
N∑
i=1
riki(r + s, ζ
m
2 )δ(w
−pζ1/ζ2) +
1
m
k0(r + s, ζ
m
2 )Dδ(w
−pζ1/ζ2)).
(8) [α, Z(β, r, ζ)] =< α, β > Z(β, r, ζ), α ∈ h0
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(9) Z(β, r, wpζ) = η(p, β)Z(θpβ, r, ζ)
(10) ki(r, ζ
m) commutes with Z(α, r, ζ) and h0, 0 ≤ i ≤ N .
As it is we do not know whether a Zk algebra is non-zero or not but
certainly it is well defined.
(1.11) Definition A Zk module V is said to be in the category Dk if
(1) k0 acts by scalar k.
(2) V = ⊕z∈CVz, Vz = {v ∈ V | d0v = zv}. Assume for any given z there
exists ℓ0 such that Vz+ℓ = 0 for ℓ > ℓ0.
Section 2
In this section we establish equivalence between the categories Ck and Dk.
The proof are very similar to [LW]. In fact most of the results go through.
Let V ∈ Ck. Define for β ∈ Φ.
E±(β, ζ) = exp(±m
∑
j>0
β±j ⊗ t
±jζ±j/jk)
and Z(β, r, ζ) = E−(β, ζ)xβ(r, ζ)E
+(β, ζ). We first prove that these Z-
operators satisfy relations in (1.10).
We first recall the following from section 3 of [LW]. We are taking a = h
and m = 0 (in decomposition (3.5)) in [LW].
Proposition (2.1) α, β, γ ∈ Φ. Let
(1) i > 0
(a) [αi ⊗ t
i, E+(β, ζ)] = 0
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(b) [α−i ⊗ t
−i, E−(β, ζ)] = 0
(c) [αi ⊗ t
i, E−(β, ζ)] = − < αi, β > ζ
−iE−(β, ζ).
(d) [α−i ⊗ t
−i, E+(β, ζ)] = − < α−i, β > ζ
iE+(β, ζ)
(2) (a) E±(β + γ, ζ) = E±(β, ζ)E±(γ, ζ)
(b) E±(θpβ, ζ) = E±(β, wpζ)
(c) DE±(β, ζ) = m
k
β(ζ)±E±(β, ζ)
where β(ζ)± =
∑
i>0 β±i ⊗ t
±iζ±i
(3) (a) xβ(r, ζ) = E
−(−β, ζ)Z(β, r, ζ)E+(−β, ζ)
(b) Z(β, r, wpζ) = η(p, β)Z(θpβ, r, ζ)
(4) E+(β, ζ1)E
−(γ, ζ2) = E
−(γ, ζ2)E
+(β, ζ1).
∏
p∈Zm
(1−w−pζ1/ζ2)
<θpβ,γ>
k
(5) E+(β, ζ1)xγ(r, ζ2) = xγ(r, ζ2)E
+(β, ζ1)
∏
p∈Zm
(1− w−pζ1/ζ2)
−<θpβ,γ>
k
(6) xβ(r, ζ1)E
−(γ, ζ2) = E
−(γ, ζ2)xβ(r, ζ1)
∏
p∈Zm
(1− wpζ1/ζ2)
−<θpβ,γ>
k .
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Proof (1) a and b follows from the definition. To see 1(c) consider
[αi ⊗ t
i,−
∑
j<0
βj ⊗ t
j/jkζ
j]
=
1
m
< αi, β−i > ζ
−i.
Now
[αi ⊗ t
i,
(−
∑
βj ⊗ t
j/jkζ
j)ℓ
ℓ!
]
= −
< αi, β−i >
m(ℓ− 1)!
ζ−i
(∑ βj ⊗ tj
jk
ζj)ℓ−1
)
.
First note that < αi, β−i >=< αi, β > by (1.2). Now 1(c) follows from the
definition.
(1)(d) follows from similar argument.
(2) and (3) follows from definition. See also Proposition 3.2 and 3.3 of [LW].
(4) follows from Proposition 3.4 of [LW].
(5) and (6) follows from Proposition 3.5 and 3.6 of [LW].
Corollary (2.2) Let h˜
1
= ⊕i 6=0hi ⊗ t
i. Then as operators the following
hold. (1) [h˜
1
, Z(α, r, ζ)] = 0
(2) [a0, Z(α, r, ζ)] =< a0, α > Z(α, r, ζ), a ∈ h.
Proof (1) Follows from above. (2) is easy to see.
Proposition (2.3) (Proposition (3.9) of [LW]).
LetW be a vector space and let f(ζ1, ζ2) =
∑
wijζ
i
1ζ
j
2 where each wij ∈ W
and suppose for some n ∈ Z either wij = 0 where one of i or j > n or wij = 0
whenever i or j < n.
Set
Dif(ζ1, ζ2) = ζi
df
dζi
(ζ1, ζ2)
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Then for a 6= 0
(1) δ(aζ1/ζ2)f(ζ1, ζ2) = δ(aζ1/ζ2)f(ζ1, aζ1)
= δ(aζ1/ζ2)f(a
−1ζ2, ζ2)
(2) Dδ(aζ1/ζ2)f(ζ1, ζ2) = (Dδ)(aζ1/ζ2)f(ζ1, aζ1) + δ(aζ1/ζ2)D2f(ζ1, aζ1)
= Dδ(aζ1/ζ2)f(a
−1ζ2, ζ2)− δ(aζ1/ζ2)D1f(a
−1ζ2, ζ2)
Proposition (2.4)
∏
p∈Zm
(1− w−pζ1/ζ2)
<θpβ1,β2>/kZ(β1, r, ζ1)Z(β2, s, ζ2)
−
∏
p∈Zm
(1− w−pζ2/ζ1)
<θpβ2,β1>/kZ(β2, s, ζ2)Z(β1, r, ζ1)
= E−(β1, ζ1)E
−(β2, ζ2)[xβ1(r, ζ1), xβ2(s, ζ2)]
E+(β1, ζ1)E
+(β2, ζ2)
Proof Consider
Z(β1, r, ζ1)Z(β2, s, ζ2)
= E−(β1, r, ζ1)xβ1(r, ζ1)E
+(β1, r, ζ1).
E−(β2, s, ζ2)xβ2(s, ζ2)E
+(β2, s, ζ2)
=
∏
p∈Zm
(1− w−pζ1/ζ2)
<θpβ1,β2>
k .
E−(β1, r, ζ1)xβ1(r, ζ1)E
−(β2, s, ζ2).
E+(β1, r, ζ1)xβ2(s, ζ2)E
+(β2, s, ζ2)
from 4 of Proposition (2.1).
=
∏
p∈Zm
(1− w−pζ1/ζ2)
−<θpβ1,β2>
k .
E−(β1, r, ζ1)E
−(β2, s, ζ2)xβ1(r, ζ1).
xβ2(s, ζ2)E
+(β1, r, ζ1)E
+(β2, s, ζ2)
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(
by 5 of Proposition (2.1)
)
.
Multiplying both sides by the inverse of the first factor on the right,
and subtracting the expression obtained by interchanging the roles of the
subscripts 1 and 2 we have Proposition (2.4).
Proposition (2.5) For these Z operators the relation at (1.10) hold.
Proof (2) to (6), holds from definition of di. Since V ∈ Ck we have
1
k
xβ(r, ζ)k0(s, ζ
m) = xβ(r + s, ζ).
Thus (1) holds from definition of Z operator. (9) holds from Proposition
2.1(3). (6), (10) and (8) are easy to see. We only need to prove (7). The
right hand side of the Proposition (2.4) and by using Proposition 1.5 (b) (1)
is equal to
E1 + E2 + E3 + E4
where E1 = E
−(β1, ζ1)E
−(β2, ζ2).
1
m
∑
θpβ1+β2∈Φ
η(p, β1)ǫ(θ
pβ1, β2)xθpβ1+β2(r + s, ζ2)δ(w
−pζ1/ζ2)
E+(β1, ζ1)E
+(β2, ζ2)
E2 = E
−(β1, ζ1)E
−(β2, ζ2).
(−1
m
) < xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β1)β2(r + s, ζ2)δ(w
−pζ1/ζ2).
E+(β1, ζ1)E
+(β2, ζ2)
E3 = E
−(β1, ζ1)E
−(β2, ζ2).
1
m
< xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β1)
N∑
i=1
riki(r + s, ζ
m
2 )δ(w
−pζ1/ζ2)
E+(β1, ζ1)E
+(β2, ζ2)
E4 = E
−(β1, ζ1)E
−(β2, ζ2)
1
m2
< xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β1)k0(r + s, ζ
m
2 )Dδ(w
−pζ1/ζ2)
E+(β1, ζ1)E
+(β2, ζ2)
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Now
E1 =
1
m
∑
θpβ1+β2∈Φ
(
η(p, β1)E
−(θpβ1 + β2, ζ2).
ǫ(θpβ1 + β2)(xθpβ1+β2(r + s, ζ2)δ(w
−pζ1/ζ2).
E+(θpβ1 + β2, ζ2).
E2 = −
1
m
< xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β1)β2(r + s, ζ2)δ(w
−pζ1/ζ2)
E3 =
1
m
< xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β1)
N∑
i=1
riki(r + s, ζ
m
2 )δ(w
−pζ1/ζ2).
For E4 we use Proposition 2.3 (2) (a = w
−p) and Proposition 2.1 (2) (b).
Thus we get
E4 =
1
m2
< xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β1)k0(r + s, ζ
m
2 )Dδ(w
−pζ1/ζ2).
−1
m2
< xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β1)
m
k
∑
i 6=0
(β1)i⊗t
i(wpζ2)
ik0(r+s, ζ
m
2 )δ(w
−pζ1/ζ2)
We will use the fact that
∑
i 6=0
(β1)i ⊗ t
i(wpζ2)
i = β2(ζ2) − (β2)0 and the fact
that
(2.6)
1
k
β2(ζ2)k0(r + s, ζ
m
2 ) = β2(r + s, ζ2)
So we get
E4 =
1
m2
< xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β1)k0(r + s, ζ
m
2 )Dδ(w
−pζ1/ζ2)
−
1
mk
< xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β1)
∑
i 6=0
(θpβ1)i⊗t
iζ i2k0(r+s, ζ
m
2 )δ(w
−pζ1/ζ2)
=
1
m2
< xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β1)k0(r + s, ζ
m
2 )D(δw
−pζ1/ζ2)
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−1
mk
< xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β)θpβ1(ζ2)k0(r + s, ζ
m
2 )δ(w
−pζ1/ζ2)
+
1
mk
< xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β1)(β1)0k0(r + s, ζ
m
2 )δ(w
−pζ1/ζ2).
Note that the second term is −E2 by (2.6). Since θ
pβ1 + β2 = 0 we have
(β1)0 + (β2)0 = 0. Thus E2 + E4
=
1
m2
< xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β1)k0(r + s, ζ
m
2 )Dδ(w
−pζ1/ζ2)
−
1
mk
< xβ2 , x−β2 >
∑
θpβ1+β2=0
η(p, β1)(β2)0k0(r + s, ζ
m
2 )δ(w
−pζ1/ζ2).
Now adding E1, E2, E3 and E4 we get the desired result. Thus we proved
that Ω(V ) ∈ Dk.
Conversely assume that W ∈ Dk. Let V =M(k)⊗W . Define Xα(r, ζ) =
E−(−α, ζ)E+(−α, ζ)⊗ Z(α, r, ζ).
β(r, ζ) =
1
k
β(ζ)k0(r, ζ
m).
The central elements to be same. Since W ∈ Dk. The operators Xα(r, ζ)
and k0(r, ζ) satisfy
1
k
Xα(r, ζ)k0(s, ζ
m) = Xα(r + s, ζ) for all Xα ∈ G.
Conditions 4 to 7 of Proposition (1.6) are easily satisfied as the corresponding
conditions are satisfied for Z-operators.
Condition (3) can be proved exactly as in the proof of Proposition 5.3 of
[LW]. Condition (1) is satisfied as the same relation holds for Z-operators
and Z operator commutes with E±-operators.
Consider [β1(ζ1), β2(ζ2)] =
1
m2
k
∑
p∈Zm
< θpβ1, β2 > Dδ(w
−pζ1/ζ2). See
Theorem 2.4 of [LW].
[β1(r, ζ1), β2(s, ζ2)] =
1
k2
[β1(ζ1), β2(ζ2)]k0(r, ζ
m
1 )k0(s, ζ
m
2 )
= 1
km2
∑
p∈Zm
< θpβ1, β2 > k0(r, ζ
m
1 )k0(s, ζ
m
2 )Dδ(w
−pζ1/ζ2)
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Now by Proposition 2.3 (2) we have
=
1
m2
∑
p∈Zm
< θpβ1, β2 > k0(r + s, ζ
m
1 )Dδ(w
−pζ1/ζ2)
−
1
m2k
∑
< θpβ1, β2 > D1k0(r, ζ
m
1 ) |ζ1=wpζ2 k0(s, ζ
m
2 )δ(w
−pζ1/ζ2)
=
1
m2
∑
p∈Zm
< θpβ1, β2 > k0(r + s, ζ
m
2 )Dδ(w
−pζ1/ζ2)
+
1
m
∑
p∈Zm
< θpβ1, β2 >
N∑
i=1
riki(r + s, ζ
m
2 )δ(w
−pζ1/ζ2)
Thus we have proved the following:
Proposition 2.6 The category Ck of L˜(G, θ)-modules are equivalent to the
category Dk of Zk-modules.
Section 3 (Homogeneous picture)
In this section our aim is to construct a faithful representation for the un-
twisted toroidal Lie algebra τ˜ coming from simple, simply connected Lie-
algebra G. (First note that on any representation τ where centre ΩA/dA
acts faithfully, then τ˜ acts faithfully). That is we are giving a realization.
This recovers the main result of [EM]. For this we give a representation for
the Z−algebra such that the centre acts faithfully. Thus we have a faithful
representation for the toroidal Lie algebra τ .
We take the automorphism θ = id. We first give a presentation for the
Lie-algebra G. Let
◦
Q be the root lattice spanned by simple roots. The
nondegenerate form is chosen so that (α, α) = 2 for a highest root α. Then
it is known that
Φ = {α ∈
◦
Q| (α, α) = 2.}
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The following cocycle on
◦
Q ×
◦
Q is known to exists.
ǫ :
◦
Q ×
◦
Q→ {±1}
3.1
(1) ǫ(α, α) = (−1)
(α,α)
2
(2) ǫ(α, β)ǫ(β, α) = (−1)(α,β)
(3) ǫ(α + β, γ) = ǫ(α, γ)ǫ(β, γ)
(4) ǫ(α, β + γ) = ǫ(α, β)ǫ(α, γ)
Note that ǫ(α, α) = ǫ(α,−α) = −1 for α ∈ Φ. Then there exist vectors
xα, hα in G, α ∈ Φ satisfying the following:
(3.2)
(1) [xα, xβ] = ǫ(α, β)xα+β, if α + β ∈ Φ
(2) [xα, xβ] = 0 if α + β /∈ Φ ∪ {0}
= ǫ(α,−α)hα if α + β = 0
(3) [hα, hβ] = 0
(4) [h, xα] = α(h)xα ∀h ∈ h.
Let Γ be a Z-lattice spanned by α1, · · · , αℓ, δ1, · · · , δN , d1, · · · , dN . Define
a non-degenerate bilinear form on Γ extending the one on
◦
Q by
(
◦
Q, δi) = (
◦
Q, di) = 0
(di, dj) = (δi, δj) = 0
(δi, dj) = δij
Any vector which is integral linear combination of δi is called a null root. For
r ∈ ZN , define δr =
∑
riδi. Note that (δr, δs) = 0 . Let Q be the sub lattice
spanned by
◦
Q and δ1, · · · , δN . Extend the co-cycle ǫ to Q by ǫ(α, δr) = 1
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for α ∈ Q. Now extend ǫ to Q × Γ to be bimultiplicative in any convenient
way. Consider the group algebra C[Γ] and make C[Γ] a C[Q] module by the
following multiplication.
eα · eγ = ǫ(α, γ)eα+γ .
Let h = Q⊗Z C. Let h± = ⊕
n
>
<0
h⊗ tn. Consider the Fock space
V (Γ) = S(h−)⊗ C[Γ].
Define operators α(0) on V (Γ) by
α(0) · u⊗ eγ = (α, γ)u⊗ eγ , α ∈ Q.
For δ nullroot
δ(n)u⊗ eγ = δ(n)u⊗ eγ, n 6= 0
δ(n)u is multiplication if n < 0 and differentiation if n > 0. This is the
standard Fock space representation of h⊗ C[t, t−1] on V [Γ].
For a null root δ define E±(δ, ζ) = exp
∑
n
>
<0
δ(±n)
±n
ζ±n. Define operators
ζα(0)u⊗ eγ = ζ (α,γ)u⊗ eγ , α ∈ Q.
Consider the vertex operator
X(δ, ζ) = E−(δ, ζ)ζδ(0)E+(δ, ζ).
Let ki(δ, ζ) = δi(ζ)X(δ, z) for 1 ≤ i ≤ N and k0(δ, z) = X(δ, ζ). From [EM] it
is known that each ki(δ, z) acts non trivially and Dk0(δr, ζ)+
N∑
i=1
riki(δr, ζ) =
0. Further any relation among ki(δ, ζ) is the one given above. (see Lemma
C of [EM]).
We will now define Z operators. Define Z(α, 0, ζ) = ζ
(α,α)
2 ζ−α(0)eα, α ∈
Φ. Then define Z(α, r, ζ) = Z(α, 0, ζ)k0(r, ζ). d0, d1, · · · , dN are defined
naturally as grading on Z(α, r, ζ).
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We will now check the relation at (1.10) for the above Z-operator. (1)
to (6) are clearly satisfied from definition. We will rewrite the relation (7)
using the fact that θ = Id and m = 1. Notice also X(0, ζ) = 1 and hence k0
acts as 1 so that k = 1.
(3.3)
(1−ζ1/ζ2)
<β1,β2>Z(β1, r, ζ1)Z(β2, s, ζ2)−(1−ζ2/ζ1)
<β1,β2>Z(β2, s, ζ2)Z(β1, r, ζ1)
=


ǫ(β1, β2)Z(β1 + β2, r + s, ζ2)δ(ζ1/ζ2) if β1 + β2 ∈ Φ
− < xβ2, x−β2 > β2k0(r + s, ζ2)δ(ζ1/ζ2)
+ < xβ2 , x−β2 > (
N∑
i=1
riki(r + s, ζ2).δ(ζ1/ζ2) + k0(r + s, ζ2)Dδ(ζ1/ζ2)) if β1 + β2 = 0
= 0 if β1 + β2 /∈ Φ ∪ {0}.
Suppose r = 0 and s = 0 then (3.3) follows from Theorem 5.3 of [LM ]. For
general r and s, consider left hand side of (3.3) which is equal to
(1− ζ1/ζ2)
<β1,β2>Z(β1, 0, ζ1)k0(r, ζ1)Z(β2, 0, ζ2)k0(s, ζ2)
−(1 − ζ2/ζ1)
<β1,β2>Z(β2, 0, ζ2)k0(s, ζ2).Z(β1, 0, ζ1)k0(r, ζ1)
= k0(r, ζ1)k0(s, ζ2)Z(β1, β2) where
Z(β1, β2) =


ǫ(β1, β2)Z(β1 + β2, 0, ζ1)δ(ζ1/ζ2) if β1 + β2 ∈ Φ
< xβ2, x−β2 > (−β2δ(ζ1/ζ2) +Dδ(ζ1/ζ2) if β1 + β2 = 0
0 if β1 + β2 /∈ Φ ∪ {0}.
This follows from case r = 0 = s. Now the case β1 + β2 ∈ Φ, (3.3) follows
from Proposition 2.3 (1). The case β1 + β2 /∈ Φ ∪ {0} is very standard as
< β1, β2 >≥ 0. For the case β1+β2 = 0,− < xβ2, x−β2 > k0(r, ζ1)k0(r, ζ2)β2δ(ζ1/ζ2)
is equal to the first term of 3.3 which follows from Proposition 2.3(1).
Now
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< xβ2 , x−β2 > k0(r, ζ1)k0(s, ζ2).Dδ(ζ1/ζ2)
=< xβ2 , x−β2 > (k0(r + s, ζ2)Dδ(ζ1/ζ2) +
∑
riki(r + s, ζ2)δ(ζ1/ζ2).
By proposition 2.3(2). This completes the proof of (3.3).
Section 4 Principal realization
Recall that G is simple finite dimensional Lie algebra and<,> a non-degenerate
bilinear form an G . Let η be a finite order automorphism of order p. Con-
sider the affine Lie algebra G⊗C[t, t−1]⊕CC with Lie bracket [x⊗tm, y⊗tn] =
[x, y]⊗ tm+n + <x,y>
p
mδm+n,0C. Let G(η) be the corresponding twisted affine
Lie algebra. See [Ka] for details.
Let π be an automorphism of orderK(= 1, 2 or 3) induced by an automor-
phism of the Dynkin diagram of G with respect to some Cartan subalgebra
h of G. Let ǫ be K-th primitive root. We will now extend the automorphism
π to G ⊗A⊕ ΩA/dA = τ by
(4.1)
π(xtr0tr) = ǫ−r0π(x)tr0tr
π(tr0trki) = ǫ
−r0tr0trki, 0 ≤ i ≤ N.
The aim of this section is to prove that L(G, π) ∼= L(G, θ) where θ is a special
automorphism depending on π. This is a generalisation of the standard
principal realization of affine Lie-algebras given in [KKLW].
To do this we first have to define the automorphism θ. For i ∈ Z, let
G[i] be the ǫ
i eigenspace of G. Then the fixed point space G[0] is a simple
Lie-subalgebra of G and G[0] module G[1] and G[−1] are irreducible and contra-
gradient.
Fix a Cartan subalgebra t of of G[0] inside h. Let Hj, Ej , Fj (1 ≤ j ≤ ℓ)
be a corresponding set of canonical generators of G[0]. Let E0 be the lowest
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weight vector of G[0] module G[1], and let F0 be the highest weight vector
G[0]-module G[−1], normalised so that [H0, F0] = 2F0 where H0 = [E0, F0].
Let ψ1, · · · , ψℓ ∈ t
∗ be simple roots of G[0], and let ψ0 ∈ t
∗ be the lowest
weight of the G[0] module G[1]. For i, j = 0, 1, · · · , ℓ set Aij = ψj(Hi). Then
it is known that A = (Aij) is an indecomposable affine Cartan matrix (see
[LW] and [KKLW]). Let a0, · · · , aℓ, a
1
0, · · · , a
1
ℓ be positive integers such that
(4.2)
A(a0, · · ·aℓ)
T = 0
(a10, · · · , a
1
ℓ)A = 0 and
g.c.d(a0, · · · , aℓ) = 1
g.c.d(a10, · · · , a
1
ℓ) = 1.
Then a0, a1, · · · , aℓ are precisely the indices of the Dynkin diagram of A.
(see Table K of [KKLW]).
(4.3)
Note that from above tables we see that a0 = 1 always. Recall from [LW]
that
(4.4)
ℓ∑
j=0
ajψj = 0 and
ℓ∑
j=0
a1jHj = 0
(4.5) Proposition (KKLW) The Lie subalgebra G(π) of G⊗C[t, t−1]⊕CC
generated by Ei, Fi, Hi(1 ≤ i ≤ ℓ), E0 ⊗ t, F0 ⊗ t
−1, H0 and C is isomorphic
to the affine Lie algebra corresponding to A.
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Let s = (s0, · · · , sℓ) be a sequence of non-negative integers, not all 0.
Take m = K
ℓ∑
j=0
sjaj.
Define an automorphism θ of G by the condition
θHi = Hi, θEj = w
sjEj .
where w is m th root of unity.
Then θ defines an automorphism of G of order m. See [LW]. Then from
section 1 we can define L(G, θ). Our aim in this section is to prove L(G, π) ∼=
L(G, θ) which is what we call principal realization of toroidal Lie algebras.
(4.6) Note that the G-invariant bilinear form <,> on G is necessarily θ and
π invariant. This form <,> remains non-singular on the Cartan subalgebra
t of G[0]. See section 8 of [LW].
Using the restricted form we identify t and t∗. We normalise the form
<,> such that
(4.7)
< ψ0, ψ0 >=
2a1o
K
.
Then we have a1j = K < ψj , ψj > aj/2 for j = 0, · · · , ℓ. (see [LW]).
Now we have the following s-realization of the affine Lie algebra G(π)
from [KKLW].
(4.8) Proposition ([LW], [KKLW])
Let ej = Ej ⊗ t
sj , fj = Fj ⊗ t
−sj , hj = Hj ⊗ 1 + 2sj < ψj , ψj >
−1 m−1C
inside G(θ). Then there is an isomorphism of affine Lie-algebras ϕ : G(π)→
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G(θ) defined by
ϕ(Ei ⊗ 1) = ei 1 ≤ i ≤ ℓ
ϕ(Fi ⊗ 1) = fi, 1 ≤ i ≤ ℓ
ϕ(E0 ⊗ t) = e0
ϕ(F0 ⊗ t
−1) = f0
ϕ(Hi) = hi 1 ≤ i ≤ ℓ
ϕ(H0 +
<E0,F0>
K
C) = h0.
Further ei, fi, hi (0 ≤ i ≤ ℓ) forms a set of canonical generators for the affine
Lie-algebra G(θ). Here the Lie bracket G(π) is defined by the bilinear form
1
K
<> and the Lie bracket in G(θ) is defined by 1
m
<,> .
As we are interested in the principal realization we take s = (1, 1, · · · , 1).
(4.9) Remark. The π-invariants of h equal to t. In particular they are
spanned by Hi, 1 ≤ i ≤ ℓ.
(4.10) Proposition Let w be the Chevalley involution automorphism
of G. Let ϕ : G(π)→ G(θ) be the isomorphism of Lie-algebras given earlier.
Then the following hold.
(1) ϕ(C) = C
(2) ϕ(xα⊗t
r0) = xα⊗t
N(α)+m
k
ro where xα⊗t
r0 is a real root vector of G(π).
N(α) is an integer independent of r0 but depends on α.
(3) Let hα = [xα, w(xα)] then
ϕ(hα ⊗ t
r0) = hα ⊗ t
m
k
r0+ < xα, w(xα) >
N(α)
m
δr0,0
(4) < xα, xβ > 6= 0 implies N(α) +N(β) = 0
(5) < xα, xβ >= 0 then
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ϕ([xα, xβ]⊗ t
r0+s0) = [xα, xβ]⊗ t
(r0+s0)
m
k
+N(α)+N(β).
Here [xα, xβ] could be part of real or imaginary root.
Proof Let xα ⊗ t
r0 be a real root vector of G(θ). Then G(θ) is spanned by
xα⊗
r0 , [xα, xβ ]⊗ t
r0 and C. We have from (4.4)
H0 = −
ℓ∑
j=1
a1j
a1o
Hj .
From Proposition (4.8) we have
H0⊗1+2 < ψ0, ψ0 >
−1 m−1C = h0 = [E0t, F0t
−1] = [E0, F0]+ < E0, F0 >
1
m
C.
(4.11) This implies < E0, F0 >=
2
<ψ0,ψ0>
. Consider
ϕ(H0) = −
ℓ∑
j=1
a1j
a10
ϕ(Hj)
= −
ℓ∑
j=1
a1j
a10
(Hj +
2
< ψj , ψj >
1
m
C)
= H0 −
ℓ∑
j=1
a1j
a10
1
m
aj
a1j
KC
= H0 −
ℓ∑
j=1
ajKC
a10m
= H0 −
(m−a0k)
a1om
C
But ϕ(H0 +
<E0,F0>
K
C) = H0 +
2
<ψ0,ψ0>
1
m
C
(by Proposition 4.8)
ϕ(C) 2
K<ψ0,ψ0>
= H0 +
2
<ψ0,ψ0>
1
m
C − ϕ(H0)
= 2
(ψ0,ψ0)
1
m
C + 1
a1o
C − a0K
a10m
C
ϕ(C)
a10
= (K
a10
1
m
+ 1
a1o
− a0K
a10m
C)
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(We are using (4.11), (4.7)). This implies ϕ(C) = C by (4.3).
(2) Clearly ϕ(xα⊗ t
r0) = xα⊗ t
N for some integer. Write N = N(α)+ r0
m
K
for some integer N(α) which may depend on r0. Clearly ϕ(w(xα) ⊗ t
−r0) =
w(xα)⊗ t
−r0
m
k
−N(α). Let hα = [xα, w(xα)]. Consider the following in G(π).
[xα ⊗ t
r0, w(xα)⊗ t
−r0 ] = hα +
< xα, w(xα) > r0C
K
Now apply ϕ both sides and the bracket takes place in G(θ)
ϕ(hα +
r0
K
< xα, w(xα) > C) = hα +
< xα, w(xα) >
m
(N(α) +
m
K
r0)C.
Since ϕ(C) = C we have
ϕ(hα) = hα+ < xα, w(xα) >
N(α)
m
C.
As hα is independent of r0 it follows that N(α) does not depends on r0. Now
consider the following in G(π).
[xα ⊗ t
ro , w(xα)⊗ t
s0 ] = hα ⊗ t
r0+s0 +
1
K
(xα, w(xα)r0δr0+s0,0C.
As earlier apply ϕ both sides
ϕ(hα ⊗ t
r0+s0) = hα ⊗ t
(r0+s0)
m
k + < xα, w(xα) >
N(α)
m
δr0+s0,0C.
This proves (3). For (4) suppose < xα, xβ > 6= 0. Since <,>is t-invariant, it
follows that α + β is zero root. (root with respect to t). Thus [xα, xβ ] is a
part of imaginary root and so [xα, xβ ] ∈ h. Since π is an automorphism we
have
< π(xα), π(xβ) >=< xα, xβ > 6= 0.
Let e be the K th root of unity.
Let π(xα) = e
ixα and π(xβ) = e
jxβ . Since < xα, xβ > 6= 0 it follows that
i+ j ≡ 0(K). Thus [xα, xβ ] is π-invariant. Consider
[xαt
r0 , xβt
s0 ] = [xα, xβ]t
r0+s0 + 1
K
< xα, xβ > r0δr0+s0,0C
ϕ([xα, xβ]t
r0+s0) = [xα, xβ]t
(r0+s0)
m
K
+N(α)+N(β)
+ < xα, xβ > NC for some N.
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Now from (3) and (4.9) it follows that
ϕ([xα, xβ ]t
r0+s0) = [xα, xβ]t
(r0+s0)
m
K
.
This forces N(α) +N(β) = 0.
(5) is clear.
Now we define an isomorphism between L(G, π) and L(G, θ).
(4.12) Proposition The following map ϕ define an isomorphism from
L(G, π) to L(G, θ).
(1) ϕ(xα ⊗ t
r0tr) = xα ⊗ t
r0
m
K
+N(α)tr
(2) ϕ(hαt
r0tr) = hαt
r0
m
K tr
+ < xα, w(xα) >
N(α)
m
t
r0m
K trk0
(3) ϕ(tr0trki) = t
r0
m
K trki, 0 ≤ i ≤ N
(4) if < xα, xβ > = 0
ϕ([xα, xβ ]t
r0tr = [xα, xβ ]t
r0
m
K
+N(α)+N(β)tr.
Proof In view of earlier Proposition the right hand side belongs to L(G, θ)
except possible for (3). For (3) tr0trki ∈ L(G, π) which means r0 ≡ (K).
Thus r0
m
K
≡ 0(m) which means tr0
m
K trki belongs L(G, θ). The fact that
ϕ defines an isomorphism follows by the corresponding isomorphism of the
earlier proposition. We will verify one bracket. Consider
4.13 [xαt
r0tr, xβt
s0ts] = [xα, xβ ]t
r0+s0tr+s
+
<xα,xβ>
K
tr0+s0tr+sk0+ < xα, xβ >
∑
rit
r0+s0tr+ski
Suppose < xα, xβ >= 0. Then the ϕ of both sides are equal. Suppose
< xα, xβ > 6= 0, then by previous proposition it follows that [xα, xβ] is in h
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and π-invariant. Further N(α) +N(β) = 0.
[ϕ(xαt
r0tr), ϕ(xβt
s0ts)] = [xαt
r0
m
K
+N(α)tr, xβt
s0
m
K
+N(β)ts]
= [xα, xβ]t
(r0+s0)
m
K tr+s
+
<xα,xβ>
m
(N(α) + r0m
K
)t(r0+s0)
m
K tr+sk0
+ < xα, xβ >
∑
rit
(r0+so)
m
K tr+ski.
which is exactly equal to ϕ of the right hand side of (4.13).
(4.14) Proposition L(G, π) is the universal central extension of L(G, π).
Follows from Remark (2.4) of [BK].
In the next section we give a faithful realisation to L(G, θ) thereby giving
a realization to L(G, π) where the infinite dimensional centre acts faithfully.
Section 5 Principal picture.
In this section we construct level one module for the toroidal Lie-algebra
of type AKn , D
K
n and E
K
n . What we do is to construct representation for the
Z algebras where the centre acts faithfully. That in turn constructs module
for toroidal algebras of type ADE. This also covers the twisted case which is
new result.
Notation as in section 4. Consider the cyclic element E =
ℓ∑
i=1
Ei ∈
G(1). We make the assumption that the θ-stable Cartan subalgebra t is the
centraliser of E. (See [LW] for details).
Let t0 = t⊕CC ⊕Cd. Let L(λ) be a basic module for G(θ) where λ ∈ t
∗
0.
We renormalize the root vector xβ , β ∈ Φ such that [xβ, x−β ] = −2/ < β, β >
and η(p, β) = 1 for all p ∈ Zm and for all β ∈ Φ. As in Theorem 8.7 of
[LW] choose coset representatives β1, · · · , βℓ for the action θ on Φ such that
(β1)0, · · · , (βℓ)0 is a basis for t. Let Cj = λ
(
(xβj)0
)
.
Since L(λ) is a basic module, we have dimΩL(λ) = 1. From section 8 of
[LW ] we have operators Z(β, ζ) acting on ΩL(λ).
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Propostion (5.1) We have the following from Section (8) of [LW].
(1) dim ΩL(λ) = 1
(2) Z(βj, ζ) = Cj on ΩL(λ)
(3) Z(θpβj , ζ) = Z(βj, w
pζ)
(4)
∏
p∈Zm
(1− w−pζ1/ζ2)
<θpβ1,β2>Z(β1, ζ1)Z(β2, ζ2)
−
∏
p∈Zm
(1− w−pζ2/ζ1)
<θpβ2,β1>Z(β2, ζ2)Z(β1, ζ1)
=
1
m
∑
θpβ1+β2∈Φ
ǫ(θpβ1, β2)Z(θ
pβ1 + β2, ζ2)δ(w
−pζ1/ζ2)
−2m−2 < β1, β1 >
−1
∑
θpβ1+β2=0
Dδ(w−pζ1/ζ2).
Proof (1), (2) and (3) follows from Section 8 of [LW]. For that just note
that η(p, β) = 1. (4) follows from Theorem 8.7 of [LW] as Z operator defined
in (2) satisfy (8.21) of [LW]. We are also using the fact that a0 = 1.
Let Γ be Z-lattice spanned by δ1, · · · δN , d1, · · · , dN with bilinear form
(δi, dj) = δij and (δi, δj) = (di, dj) = 0. Let H = ⊕Cδi and H+ =⊕
n∈Z+,i
Cδi(n) Consider the symmetric algebra S(H+).
Consider the space V (Γ) = S(H+)⊗ e
Γ where eΓ group algebra.
Let
E+(δ, ζm) = exp
∑
n>0
ζ(n)
n
ζmn
E−(δ, ζm) = exp
∑
n>0
ζ(−n)
−n
ζ−mn
which act on S(H+) and on V (Γ).
Let δ(0) act on V (Γ) by
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δ(0)u⊗ er = (δ, r)u⊗ er
ζδ(0)u⊗ er = ζ (δ,r)u⊗ er
Cu⊗ er = 1u⊗ er
Consider X(δ, ζm) = E−(δ, ζm)ζmδ(0)E+(δ, ζm)
Let r ∈ ZN and let δr =
∑
ri δi
Let k0(r, ζ
m) = X(δr, ζ
m)
Let δ(ζm) =
∑
ζmn
Let ki(r, ζ
m) = δi(ζ
m)X(δr, ζ
m). Then by standard argument one can prove
that
(5.2) Dk0(r, ζ
m) = −m
N∑
i=1
riki(r, ζ
m).
Now define Z(α, r, ζ) = Z(α, ζ)k0(r, ζ). Now we will check all the relation
define at (1.10). Remember k = 1. (1) is true by definition. (2) is true by
the fact that X(δ1, ζ
m)X(δ2, ζ
m) = X(δ1 + δ2, ζ
m) (3) is just (5.2) (4), (5),
(6) can be easily checked. (8) is clear, (9) is true as η(p, β) = 1. (10) is true
by definition. Thus it remains to prove (7). To see this multiply 4 of Prop
5.1 by k0(r, ζ
m
1 )k0(s, ζ
m
2 ). Consider k0(s, ζ
m
1 )k0(s, ζ
m
2 )Dδ(w
−pζ1/ζ2) which is
equal to (from Proposition 2.3(2))
Dδ(w−pζ1/ζ2)k0(s, ζ
m
2 )k0(s, ζ
m
2 )
−δ(w−pζ1/ζ2)
(
d
dζ1
(k0(r, ζ
m
1 )k0(s, ζ
m
2 ) |(ζ1=w−pζ2)
)
= Dδ(w−pζ1/ζ2)k0(r + s, ζ
m
2 )
+δ(w−pζ1/ζ2)m
∑
riki(r, ζ
m
2 )k0(s, ζ
m
2 )
= Dδ(w−pζ1/ζ2)k0(r + s, ζ
m
2 )
+mδ(w−pζ1/ζ2)
∑
riki(r + s, ζ
m
2 )
Now (7) of (1.10) follows from the earlier arguments.
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